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A see-saw scenario for an A4 flavour symmetric standard model is presented. The latter, compared
with the standard model, has an extended field content adopting now an additional A4 symmetry
structure (along with the standard model symmetry). As before, the see-saw mechanism can be
realized in several models of different types depending on different ways of neutrino mass generation
corresponding to the introduction of new (heavy in general) fields with different symmetry structures.
In the present paper, a general description of all these see-saw types is made with a more detailed
investigation on type-I models, while for type-II and type-III models a similar strategy can be
followed. As within the original see-saw mechanism, the symmetry structure of the standard model
fields decides the number and the symmetry structure of the new fields. In a model considered
here, the scalar sector consists of three standard-model-Higgs-like iso-doublets (SUL(2)-doublets)
forming together an A4-triplet, and three iso-singlets transforming as three singlets (1,1
′
and 1
′′
)
of A4. In the lepton sector, the three left-handed lepton iso-doublets form an A4-triplet, while the
three right-handed charged leptons are either A4-singlets in one version of the model, or components
of an A4-triplet in another version. To generate neutrino masses through, say, the type-I see-saw
mechanism, it is natural to add four right-handed neutrino multiplets, including one A4-triplet and
three A4-singlets. For an interpretation, the model is applied to deriving some physics quantities
such as neutrinoless double beta decay effective mass |〈mee〉|, CP violation phase δCP and Jarlskog
parameter JCP , which can be verified experimentally.
PACS numbers: 12.10.Dm, 12.60.Fr, 14.60.Pq, 14.60.St.
I. INTRODUCTION
Although the standard model (SM) [1–4] has proved
to be a very successful model of elementary particles and
their interactions, especially after the discovery of the
Brout-Englert-Higgs boson, or, shortly, the Higgs boson,
by the LHC collaborations ATLAS and CMS [5, 6] (see
also [7] for a review), it, however, cannot solve a number
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of problems in particle physics and astrophysics. One
of such problems is that of neutrino masses and mixing
which is an experimental fact. These problems often re-
quire an extension of the SM. Among many extended, or
say, beyond standard model (BSM), models, suggested,
the models based on a flavour symmetry have attracted
much interest for over one decade. In these models,
the original SM fields, including neutrinos, along with
new fields which may be added, are assumed to adopt a
flavour symmetry (transformation) structure.
In the SM, neutrinos are massless and not mixing, but
experimental results on neutrino oscillations [8–13] have
shown that neutrinos are massive and mixing. A flavour
neutrino, thus, is a mixture of light neutrinos νi (where
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2i = 1, 2, 3, for a three-neutrino model) with masses, say
mi, expected so far to be smaller than 1 eV (see, e.g.,
[14]). The (three-neutrino) mixing matrix in the canon-
ical form, known as Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) neutrino mixing matrix, and parametrized by
three mixing angles, θ12, θ23, θ13, one Dirac phase δ and,
if neutrinos are Majorana particles, two more Majorana
phases, α21 and α31, can be written in the form
UPMNS = U × P, (1)
where
P = diag(eiα21/2, eiα31/2, 1), (2)
and
U =
 c12c13 s12c13 s13e−iδ−c23s12 − s13s23c12eiδ c23c12 − s13s23s12eiδ s23c13
s23s12 − s13c23c12eiδ −s23c12 − s13c23s12eiδ c23c13
 , (3)
with the notations sij = sin θij and cij = cos θij ,
1 ≤ i < j ≤ 3, used. Here, the mixing angles and
the phases are taken within the following ranges:
θij ∈ [0, pi/2], δ ∈ [0, 2pi], αj1 ∈ [0, 2pi], j = 2, 3. As
the Dirac phase δ is related to the CP violation (CPV)
phenomenon, it is also called the CPV phase and
denoted as δCP (but below the short notation δ is more
frequently used). The best fit values of the neutrino
oscillation angles, given in [14–16], are close to the
tri-bi-maximal (TBM) mixing, where sin2 θTBM12 = 1/3,
sin2 θTBM23 = 1/2 and sin
2 θTBM13 = 0 [17]. The most
recent neutrino oscillation experimental data [14–16],
summarized in Table I for both the normal order-
ing (NO) and the inverse ordering (IO) of neutrino
masses, has shown, however, a deviation of the PMNS
matrix from the TBM form. There have been many
attempts, including an assumption of a flavour symme-
try (see more details below), to explain this phenomenon.
Parameter Best fit 1σ range 2σ range 3σ range
∆m221/10
−5 eV2 (NO or IO) 7.54 7.32 – 7.80 7.15 – 8.00 6.99 – 8.18
sin2 θ12/10
−1 (NO or IO) 3.08 2.91 – 3.25 2.75 – 3.42 2.59 – 3.59
∆m231/10
−3 eV2 (NO) 2.47 2.41 – 2.53 2.34 – 2.59 2.27 – 2.65
|∆m232|/10−3 eV2 (IO) 2.42 2.36 – 2.48 2.29 – 2.55 2.23 – 2.61
sin2 θ13/10
−2 (NO) 2.34 2.15 – 2.54 1.95 – 2.74 1.76 – 2.95
sin2 θ13/10
−2 (IO) 2.40 2.18 – 2.59 1.98 – 2.79 1.78 – 2.98
sin2 θ23/10
−1 (NO) 4.37 4.14 – 4.70 3.93 – 5.52 3.74 – 6.26
sin2 θ23/10
−1 (IO) 4.55 4.24 – 5.94 4.00 – 6.20 3.80 – 6.41
TABLE I. The best-fit values and nσ allowed ranges of the 3-neutrino oscillation parameters for a normal neutrino mass ordering
(NO) and an inverse neutrino mass ordering (IO) [14–16].
Besides the parameters in the PMNS mixing matrix,
neutrino oscillation experiments also allow us to deter-
mine the neutrino squared mass differences ∆m221 and
∆m231. Although the absolute neutrino masses have
not yet been known but it is believed that they are
very tiny, less than 1 eV, as said above. Therefore, one
needs to understand why the neutrinos, compared with
the charged leptons, are so light, and find a mechanism
for generation of such small masses. A very popular
mechanism of this kind is called the see-saw mechanism
which can generate a small neutrino mass due to an
introduction of a larger scale which could be a mass
of a heavy, compared with neutrinos, BSM particle.
The see-saw mechanism, appearing first as type I in
[18–22], has been originally applied to the SM (see
[23, 24] for later developments and a more complete
presentation) but a natural question arising here is
whether this mechanism can be incorporated in a model
with an additional symmetry. This idea has attracted
interest of other authors investigating different models,
including those with a flavour symmetry adopted (see,
for example, [25, 26]).
Various models with flavour symmetries have been
introduced to explain the mass spectrum and the mixing
matrix of the quarks and leptons. Among them, the
3models constructed with non-Abelian discrete flavour
symmetries added are investigated quite intensively (see
[27–29] for a review). Especially, a number of models
that are not only able to give a TBM mixing as well
as adjustable to fit the data of the observed neutrino
oscillations but also interesting due to their simplicity,
are based on the A4 flavour symmetry [28–46]. There
are many models based on other flavour symmetries but
they are beyond the scope of this paper.
In the present work, a “naturally” extended see-saw
version of the SM adopting an A4 flavour symmetry
is suggested and considered. In this model the three
generations of the left-handed leptons are grouped in
a triplet of A4, while the three right-handed charged
leptons either transform under A4 as its 1, 1
′
and 1
′′
singlets (but there is another version, in which the
right-handed charged leptons form an A4 triplet). The
scalar sector is extended with the SM Higgs boson
acquiring now an A4 triplet structure and three addi-
tional scalar iso-singlets transforming as 1, 1
′
and 1
′′
singlets of A4. Light neutrino masses can be generated
via the type I see-saw mechanism by introducing four
right-handed neutrinos, which are one triplet and three
singlets (1, 1′, 1′′) under the transformation of the A4
group. This model is a multiple model of several copies
corresponding to different representations of A4. To our
knowledge, this approach is done for the first time here,
and it reminds of the co-variant diagram approach in
supersymmetry models [47–50].
In Section 2 we present the main idea of the original
see-saw mechanism applied to the SM and extend it to
the case with a flavour symmetry involved. Sections 3
and 4 are devoted to a more detailed investigation on
a type I see-saw mechanism within the newly suggested
A4-flavour symmetric SM which is checked by calculating
some physics quantities for neutrino masses and mixing
and comparing them with the current experimental data.
Section 5 is designed for some comments and conclusion.
The bibliography of the cited works may be still far from
being complete but we hope it gives a general view on the
development of the topic considered here. Before going to
physics details in the sections following, the reader can
have a look at the appendix for notations and a quick
review on the basic elements of A4 representations.
II. SEE-SAW MECHANISM FOR AN
A4-FLAVOUR SYMMETRIC STANDARD MODEL
Neutrinos in the standard model (SM) are massless
but, as said above, experimental results [8–13] have
shown that they have masses though very tiny. The
see-saw mechanism [23, 24] is an attempt to explain
the neutrino mass smallness. Let us first recall the see-
saw mechanism applied to the (original) SM. Generally
speaking, this mechanism imposes an extension on the
SM by adding in different ways new (heavy in general)
fields in order to generate (small effective) masses of neu-
trinos (due to big masses of the new fields). These ways
of neutrino mass generation are called see-saw models
referred below to as classical or pre-flavour symmetric
see-saw models.
A. Pre-flavour-symmetric see-saw models
There are three types of classical see-saw models:
I, II and III, corresponding to three ways of neutrino
mass generation, requiring an introduction of three kinds
of new fields which in general are heavy. The see-saw
I generates neutrino masses with the introduction of a
lepton iso-singlet (a right-handed neutrino), while the
generation of neutrino masses via the see-saw II and III
requires respectively a new scalar iso-triplet and a new
lepton iso-triplet to be introduced. Let us look at a
closer distance how they work.
A neutrino mass could be of Dirac- or Majorana type.
A general Lagrangian neutrino mass term, denoted below
by Lmν , has the form
Lmν = −
1
2
nLMν(nL)
c + h.c., (4)
where
nL =
(
νL
(NR)
c
)
(5)
is a neutrino pattern, and
Mν =
(
ML MD
(MD)
T MR
)
(6)
is a neutrino mass matrix (ML is a 3× 3 matrix for the
case of three left-handed neutrinos νL, and MR is an n×n
matrix for the case of n right-handed neutrinos NR, then
MD is a 3×n matrix). If ML MR, the matrix (6) can
be approximately diagonalized in the block form [23, 24]
Mν =
(
M1 0
0 M2
)
, (7)
where M1 and M2,{
M1 ≈ML − (MD)T (MR)−1MD,
M2 ≈MR, (8)
are complex matrices and they are the mass matrices
of the light- and heavy neutrinos, respectively. The
light neutrinos, which are (mostly) left-handed and
can interact with ordinary SM fields, are called active
neutrinos, while the heavy, and right-handed here,
neutrinos, which, in many models, interact very weakly
or do not interact at all with the SM fields, are referred
to as sterile neutrinos. The constraint (8) means that
4the masses of the light neutrinos, upto a small amount
(ML), are inversely proportional to the masses of the
heavy neutrinos. This is the general spirit, thus the
name, of the see-saw mechanics for generation of a small
neutrino mass with a mass scale MR taking usually a
value very large, between 109 GeV and the GUT scale,
around 1015 GeV [51], but in some see-saw- and other
models, MR can varies within a wider range, even it
could take a value at few keV’s or less (see, for example,
[51–55]).
A large MR can be generated via a newly-introduced
heavy field. It can be done in different ways, corre-
sponding to different see-saw models, depending on how
a coupling of a neutrino to a scalar field is constructed,
as we still assume that neutrinos can acquire mass via
interacting somehow with a scalar field. Since, in the
SM, a neutrino belongs to an iso-doublet 2 and the
Higgs field forms another iso-doublet 2, there are (at
the tree level, as illustrated in Figs. 1–2 below) three
possible ways of their coupling due to the tensor product
decomposition 2×2 = 1+3: two ways in which neutrino
and Higgs are coupled at a vertex to a fermion iso-singlet
or a fermion iso-(anti)triplet, and one way, two ways
at first sight, in which neutrino is coupled to Higgs via
a scalar iso-(anti)triplet (see more details below). The
see-saw models constructed with neutrino-Higgs coupled
to a fermion iso-singlet, a scalar iso-(anti)triplet and a
fermion iso-(anti)triplet are called of type I, II and III,
respectively.
The see-saw mechanism can be linked to the high-
dimension effective operator approach such as Weinberg’s
5-dimension one in which the neutrino (effective) mass
can originate from the Lagrangian effective term Leffν ,
Leffν =
λν
Λ
(
f lLH
) (
H†f clL
)
, (9)
where Λ is a characteristic scale,
fl =
(
νlL
lL
)
, l = e, µ, τ, (10)
and
H =
(
H0
H−
)
. (11)
This effective process1, illustrated by Fig. 1, can be bro-
ken down into subprocesses such as the ones illustrated in
Fig. 2, where the first diagram illustrates see-saw models
of type I and III, which respectively require the intro-
duction of new fields, say N and Σ, being respectively a
fermion iso-singlet and a fermion iso-(anti)triplet, while
the second diagram illustrates a see-saw model of type II,
which requires the introduction of a new field ∆, being
a scalar iso-(anti)triplet. Mathematically, one can ask
a question if it is possible to introduce a model with ∆
replaced by a scalar iso-singlet, say S, but the latter is
not relevant to describe a neutrino mass term (because
it is impossible to contact an antisymmetrized S (in iso-
indices) with a symmetrized fermion couple). In these
figures and all figures bellow, the letters ν and H sym-
bolically denote the fields “neutrino” and “Higgs” (or
their anti fields), respectively.
FIG. 1. Neutrino effective mass.
1 It may have other substructures if we consider other models such
as loop models, supersymmetry models, extra-dimension models,
etc., which are not a subject of the present paper.
5FIG. 2. See-saw models.
When the fields transform under an additional symmetry
group, such as an A4 one, each of these (sub)processes
itself will be further broken down to sub-sub-processes
according to their symmetry structure. It is the spirit of
the see-saw mechanism in a new scenario with an addi-
tionally introduced symmetry.
B. A4-flavour symmetric see-saw models
There are also three types of see-saw models for
this case corresponding to the above-described type I, II
and III see-saw models (for some versions, see, for ex-
ample, [40, 42] and references therein). Now, each of
the processes in Fig. 2 becomes an effective process con-
taining other (sub)processes. Let us consider an effective
process, illustrated in Fig. 3, corresponding to the type I
see-saw one, where N is a fermion iso-singlet (or a set of
fermion iso-singlets). This process in turn represents, ac-
cordingly to the rule (A3f)–Appendix, a sum of different
sub-processes (see Fig. 4 below). We will see this model
in more details next section. The type III model (i.e., the
model corresponding to the type III see-saw model) has a
similar structure, where the fermion iso-singlets N ’s are
replaced by fermion iso-triplets Σ’s being also a triplet
and singlets 1, 1
′
and 1
′′
of A4.
FIG. 3. Type-I see-saw neutrino effective mass.
III. A4-FLAVOUR SYMMETRIC SEE-SAW-I
MODEL
We present in this section an A4-flavour symmetric ex-
tension of a type-I see-saw model, while the see-saw mod-
els of type-II and type-III can be investigated in separate
works. There could be different versions of this extended
model but the one given in Tab. II requires a minimal
and “natural” extension, thus, this model can be referred
to as the minimally extended model of the type-I see-saw
model, or, just, the minimal model, for short.
`L `Ri Φh ΦS ΦS′ ΦS′′ NT NS NS′ NS′′
Spin 1/2 1/2 0 0 0 0 1/2 1/2 1/2 1/2
SU(2)L 2 1, 1, 1 2 1 1 1 1 1 1 1
A4 3 1, 1
′
, 1
′′
3 1 1
′
1
′′
3 1 1
′
1
′′
TABLE II. An A4-flavour symmetric extended standard
model
The group transformation nature of the fields in
the considered model is shown on the table, where
`L = (`L1, `L2, `L3) and `Ri, i = 1, 2, 3, are the three
generations of the left-handed- and the right-handed
charged leptons, respectively. The three iso-doublets
`Li form together an A4-triplet, while the iso-singlets
`Ri are also A4-singlets, 1, 1
′ and 1′′ (we can consider
another version in which `Ri are components of an
A4-triplet). We note that the states `i (`Li and `Ri)
in general may not coincide with the states l = e, µ, τ ,
to which we need to make a rotation given in the
subsection following. The new fermions NT , NS , NS′
and NS′′ , being neutral fields and iso-singlets, are an
A4-triplet and three A4-singlets 1, 1
′ and 1”, respectively.
The scalar field
ΦTh = (φh1, φh2, φh3), (12)
is an A4-triplet composed of three SM-like Higgs fields
φhi being iso-doublets,
φhi =
(
ϕ+i
ϕ0i
)
, i = 1, 2, 3. (13)
6The vacuum expectation value (composed of those of the
neutral components) of the scalar field Φ0h is denoted as
〈Φ0h〉T =
(〈ϕ01〉, 〈ϕ02〉, 〈ϕ03〉) := 1√
2
(v1, v2, v3). (14)
The structure of this vacuum expectation value (VEV),
as well as the VEV’s of other scalar fields, can be fixed
when the potential of the scalar sector is considered. The
fields ΦS , ΦS′ and ΦS′′ are iso-singlet and A4-singlet
scalars with
〈ΦS〉 = σ1, 〈ΦS′ 〉 = σ2, 〈ΦS′′ 〉 = σ3, (15)
denoting their VEV’s. These scalar fields can be re-
expressed in terms of quantum fields hi, ηi and ξi with
zero VEV’s by shifting
φh1 =
(
ϕ+1
1√
2
(v1 + h1 + iη1)
)
, φh2 =
(
ϕ+2
1√
2
(v2 + h2 + iη2)
)
, φh3 =
(
ϕ+3
1√
2
(v3 + h3 + iη3)
)
, (16)
and
ΦS = σ1 + ξ1, ΦS′ = σ2 + ξ2, ΦS′′ = σ3 + ξ3. (17)
Below, we shall choose to consider the type I see-saw
model given in Tab. II and illustrated in Fig. 4.
FIG. 4. An A4-flavour-symmetric type-I see-saw model.
Now, let us make a brief description of the scalar- and
the lepton sector of the model (the quark sector not con-
sidered here requires a separate investigation).
A. Scalar sector
This sector consists of four scalars which are an
iso-doublet A4-triplet Φh, and three iso-singlets ΦS , ΦS′
and ΦS′′ transforming as A4-singlets 1, 1
′
and 1
′′
, respec-
tively. A logical model construction requires the symme-
try breaking to follow this scheme:
A4 ⊗ SU(2)L ⊗ U(1)N
↓ 〈S〉
SU(2)L ⊗ U(1)Y
↓ 〈Φh〉
U(1)Q,
(18)
7where S stands for the scalars ΦS , ΦS′ and ΦS′′ . The
additional scalar fields may play a similar role as that
of the scalar fields in a supersymmetric model [56]
in compensating divergences of fermion fields, there-
fore, we may not need SUSY in building a finite field
theory (to have a precise conclusion we must make a de-
tailed analysis which is beyond the subject of this paper).
Here, we briefly discuss the Higgs potential in the
model. It has the general form
V = V (Φh) + V (Φh,ΦS ,ΦS′ ,ΦS′′ ) + V (ΦS ,ΦS′ ,ΦS′′ ),
(19)
with
V (Φh) = µ
2
0(Φ
†
hΦh)1 + λ1(Φ
†
hΦh)
2
1 + λ2(Φ
†
hΦh)1′ (Φ
†
hΦh)1′′
+ λ3(Φ
†
hΦh)3s(Φ
†
hΦh)3s + λ4(Φ
†
hΦh)3a(Φ
†
hΦh)3a + λ5(Φ
†
hΦh)3s(Φ
†
hΦh)3a , (20)
V (Φh,ΦS ,ΦS′ ,ΦS′′ ) = γ1(Φ
†
hΦh)1(Φ
†
SΦS)1 + γ2(Φ
†
hΦh)1(Φ
†
S′ΦS′′ )1
+ β1(Φ
†
hΦh)1′ (Φ
†
S′ΦS′ )1′′ + β2(Φ
†
hΦh)1′ (Φ
†
S′′ΦS)1′′
+ η1(Φ
†
hΦh)1′′ (Φ
†
S′′ΦS′′ )1′ + η2(Φ
†
hΦh)1′′ (Φ
†
S′ΦS)1′ +H.c., (21)
V (ΦS ,ΦS′ ,ΦS′′ ) = α0(Φ
†
SΦS)1 + α1(Φ
†
SΦS)
2
1
+ α2(Φ
†
SΦS)1(Φ
†
S′ΦS′′ )1 + α3(Φ
†
S′ΦS′′ )1
+ α4(Φ
†
S′ΦS′′ )1(Φ
†
S′ΦS′′ )1 + α5(Φ
†
S′ΦS′ )1′′ (Φ
†
S′′ΦS′′ )1′ +H.c.. (22)
For a logical reason, we require that A4 symmetry
should be broken at an energy scale higher (or much
higher) than the electroweak one. This symmerty break-
ing can be caused when some or all of the scalar fields
ΦS , ΦS′ and ΦS′′ acquire non-zero VEV’s. Therefore,
ΦS , ΦS′ and ΦS′′ , which can be candidates for the dark
matter, should be sterile scalars interacting very weakly,
or not interacting at all, with the SM fields including Φh.
That means that the interaction (21) should be much
smaller than the interaction (20). After an A4 symmetry
breaking, Φh is seen as a single SM Higgs scalar coupled
to three fermion generations with different coupling
coefficients leading to different masses of the fermions.
Imposing the extremum condition to Φh,
∂V
∂φhi
∣∣∣∣
〈φhi 〉=vi
= 0, (i = 1, 2, 3), (23)
we get an equation system of their VEV’s

µ20 + 2(λ1 + λ2)v
2
1 + (2λ1 − λ2 + 2λ4 + λ5)v22 + (2λ1 − λ2 + 2λ3 + λ5)v23 = 0,
µ20 + 2(λ1 + λ2)v
2
2 + (2λ1 − λ2 + 2λ3 + λ5)v21 + (2λ1 − λ2 + 2λ4 + λ5)v23 = 0,
µ20 + 2(λ1 + λ2)v
2
3 + (2λ1 − λ2 + 2λ3 + λ5)v22 + (2λ1 − λ2 + 2λ4 + λ5)v21 = 0.
(24)
The latter equation system for general coefficients (gen-
eral λ0 and λi’s), is equivalent to the constraints
v21 = v
2
2 = v
2
3 := v
2, (25)
leading to eight different choices,
±v1 = ±v2 = ±v3 = ±v,
of the VEV’s structure of Φh, where
v2 =
−µ20
2(3λ1 + λ3 + λ4 + λ5)
· (26)
Due to the couplings of Φh to the SM fields, in particular,
the SM gauge bosons, the VEV v can have a value at
the electroweak scale as in the SM.
In general, the Higgs fields defined above are flavour
states but not mass-eigen states. To get their mass-eigen
states one must diagonal the Higgs mass matrix appear-
8ing squared in the mass term
VM (Φ) ∼ 1
2
(
h1 h2 h3
)
M2h
 h1h2
h3
 , (27)
where
M2h =
 p q qq p q
q q p
 , (28)
with
p =2v2(λ1 + λ2 + λ3 + λ4),
q =v2(2λ1 − λ2 + λ5).
As (28) is a real symmetric matrix, its eigenvalues, there-
fore, the scalar masses, are always real. It is not difficult
to see that the matrix
UH =

√
1
3 −
√
2
3 0√
1
3
√
1
6 −
√
1
2√
1
3
√
1
6
√
1
2
 . (29)
can rotate the (squared) mass matrix M2h to the diagonal
matrix
M2H =

m2H1 0 0
0 m2H2 0
0 0 m2H3
 , (30)
where
m2H1 = p+ 2q =2(3λ1 + λ3 + λ4 + λ5)v
2 = −µ20, (31)
m2H2 = m
2
H3 = p− q = (3λ2 + 2λ3 + 2λ4 − λ5)v2
=− µ20 − 3(2λ1 − λ2 + λ5)v2, (32)
are masses of the Higgs mass-eigen states Hi related to
the flavour states hi via the rotation h1h2
h3
 = U tH
 H1H2
H3
 . (33)
A similar analysis can be done for other scalar fields. A
more detailed analysis on the scalar sector is very inter-
esting but such as analysis, however, goes beyond the
scope of this paper, and therefore, it will be a subject of
a separate work.
B. Lepton sector
The lepton sector contains charged leptons and
neutrinos. In the present model, the charged lepton
masses can be generated by the Yukawa terms of the
Lagrangian
−LYcl = y1(`LΦh)`R1 + y2(`LΦh)
′′
`R2 + y3(`LΦh)
′
`R3 + h.c.
(34)
After an A4 and gauge symmetry breaking, the above-
given Yukawa terms become
−LYcl =y1(v1`L1 + v2`L2 + v3`L3)`R1
+ y2(v1`L1 + ωv2`L2 + ω
2v3`L3)`R2
+ y3(v1`L1 + ω
2v2`L2 + ωv3`L3)`R3 + h.c.,
(35)
and the charged leptons gain masses with the mass ma-
trix
Mlept =
 y1v1 y2v1 y3v1y1v2 ωy2v2 ω2y3v2
y1v3 ω
2y2v3 ωy3v3
 . (36)
Taking into account (25), we can, without loss of gener-
ality, assume 2 that 〈Φh〉T = 1√2 (v, v, v). The charged
lepton mass matrix, then, takes the form
Mlept =
1√
2
UL
 me 0 00 mµ 0
0 0 mτ
 , (37)
where
me = y1v, mµ = y2v, mτ = y3v, (38)
are the charged lepton masses, and
UL =
1√
3
 1 1 11 ω ω2
1 ω2 ω
 . (39)
For the neutrinos, their masses can be generated by
Yukawa terms of Dirac and Majorana type. First, we
deal with the Dirac Yukawa terms
−LDYν = yνTa
(
¯`
LΦ˜h
)
3a
·NT + yνTb
(
¯`
LΦ˜h
)
3s
·NT (40)
+ yνS
(
¯`
LΦ˜h
)
1
·NS + yνS′
(
¯`
LΦ˜h
)
1′′
·NS′
+ yνS′′
(
¯`
LΦ˜h
)
1′
·NS′′ + h.c..
The Dirac mass matrix extracted from these Yukawa
terms is
MD =
 0 yνTav3 yνTbv2 yνSv1 yνS′v1 yνS′′v1yνTbv3 0 yνTav1 yνSv2 yνS′v2ω2 yνS′′v2ω
yνTav2 y
ν
Tbv1 0 y
ν
Sv3 y
ν
S′v3ω y
ν
S′′v3ω
2
 .
(41)
The Majorana Yukawa terms have the form
9−LMYν = yMT1
(
NTNT
)
1
ΦS + y
M
T2
(
NTNT
)
1′ ΦS′′ + y
M
T2
(
NTNT
)
1′′ ΦS′
+ yM1
(
NSNS
)
1
ΦS + y
M
2
(
NS′NS′′
)
1
ΦS
+ yM3
(
NS′NS′
)
1′′ ΦS′ + y
M
4
(
NSNS′′
)
1′′ ΦS′
+ yM5
(
NS′′NS′′
)
1′ ΦS′′ + y
M
6
(
NSNS′
)
1′ ΦS′′ + h.c.. (42)
The latter Lagrangian (42) can be re-witten as
−LMYν =
1
2
(NR)c ·MR ·NR + h.c., (43)
where
NT = (NT1, NT2, NT3)
T
, (44)
NR = (NT1, NT2, NT3, NS , NS′ , NS′′)
T
, (45)
and
MR =

M11 0 0 0 0 0
0 M22 0 0 0 0
0 0 M33 0 0 0
0 0 0 M44 M45 M46
0 0 0 M54 M55 M56
0 0 0 M64 M65 M66
 (46)
is the Majorana mass matrix in the present case with
M11 = y
M
T1σ1 + y
M
T2σ2 + y
M
T3σ3,
M22 = y
M
T1σ1 + ω
2yMT2σ2 + ω y
M
T3σ3,
M33 = y
M
T1σ1 + ω y
M
T2σ2 + ω
2yMT3σ3,
M44 = y
M
1 σ1, M56 = M65 = y
M
2 σ1,
M55 = y
M
3 σ2, M46 = M64 = y
M
4 σ2,
M66 = y
M
5 σ3, M45 = M54 = y
M
6 σ3. (47)
It is not easy to diagonalize the Majorana mass matrix
(46) in its general form which, however, is not always
physical. Therefore, we could make some assumptions
which are physically reasonable and can simlify the
diagonalization of the mass matrix (46).
We assume that interactions between the sterile neu-
trinos and each of the sterile scalars have strengths of the
same order, that is,
• yM1 = yM2 , that means M44 = M56 = M65,
• yM3 = yM4 , that means M55 = M46 = M64,
• yM5 = yM6 , that means M66 = M45 = M54.
2 Another choice of the Higgs VEV satisfying (25) gives a similar
result.
Thus the Majorana mass takes now the form
MR =

M11 0 0 0 0 0
0 M22 0 0 0 0
0 0 M33 0 0 0
0 0 0 M44 M66 M55
0 0 0 M66 M55 M44
0 0 0 M55 M44 M66
 . (48)
Taking into account (40) and (42) we write the Yukawa
terms for neutrinos
LYν = LDYν + LMYν (49)
as follows
LYν =
1
2
nLMseesaw(nL)
c + h.c, (50)
where
nL = (νL, (NR)
c)
T
, (51)
and
Mseesaw =
(
0 MD
MTD MR
)
. (52)
From here, we get the type-I see-saw mass matrix
Mν = −MTD(MR)−1MD, (53)
which in the charged-lepton diagonalizing basis becomes
Mν = U†LMνU∗L =
 A B CB E D
C D F
 , (54)
Before finishing this section let us discuss the mass
scales, MR, MD and Mν , involved. The general ranges
of these mass scales are given in Tab. 5. According to
the current experimental data [14] the upper bound of
the light neutrino masses (the scale of Mν) is below 10
−1
eV = 10−10 GeV. Thus, if the scale of MD is known,
we can estimate the mass scale MR in relation to the
coupling coefficients in (40) and (42), and vice versa,
knowing MR we can determine MD. While the scale
Mν is bounded today narrowly between 0 eV and 10
−1
eV (even less), the scales of MR and MD still vary in
wider ranges covering the electroweak (EW) scale 102
GeV as well as the LHC discovering potential at about
10
1 TeV = 103 GeV. On searching for heavy Majorana
neutrinos within the type-I see-saw mechanism with
the ATLAS detector in
√
s = 8 TeV pp collisions [57]
the range of MR has been set to be between 100 –
500 GeV, while the ranges given by CMS are 90 GeV
< MR < 200 GeV (for ee final states in
√
s = 7 TeV
pp collisions) [58] and 40 GeV < MR < 500 GeV (for
µµ final states in
√
s = 8 TeV pp collisions) [59]. An
MR at the GUT scale and an MD at the EW scale are
often taken in a see-saw model (see, for example, [52]
and references therein) but, in general, the range of MR,
as mentioned earlier, could spread from the eV scale
to the GUT scale (see, for example, [55] and references
therein) and MD, at least here, is not constrained yet
by any other constraint besides that related to Yukawa
coupling coefficients in (40) and (42). A determination
or estimation of the latter (via measurements of some
processes such as those involved charged leptons) can
shed a light on the scale of MD and thus on that of MR.
The branching ratios of a charged lepton decay tells us
that these Yukawa coupling coefficients could be at least
four magnitudes (10−4) below that of an EW one, hence
MD could be at the order 10
−2 GeV at most, thus, MR
could be at the 10 TeV scale at most. Interestingly, the
recent observation of 3.5 keV X-ray signals from several
galaxies and galaxy clusters [60, 61] could be explained
by a decay of keV sterile neutrinos. The latter, if in a
see-saw model, lead to very small (unless the VEV of the
related scalar field(s) is small or the scale of Mν is big
enough) Dirac mass scale and coupling coefficients (see
Tab. 5), the measurement of which is still very difficult.
Mass scale MR (GeV) Mν (GeV) MD = (MνMR)
1/2 (GeV) yD = MDv
−1
GUT ∼ 1015 < 10−10 ∼ 102 ÷ 103 ∼ 100 ÷ 101
TeV ∼ 103 < 10−10 ∼ 10−4 ÷ 10−3 ∼ 10−6 ÷ 10−5
GeV ∼ 100 < 10−10 ∼ 10−5 ∼ 10−7
MeV ∼ 10−3 < 10−10 ∼ 10−7 ÷ 10−6 ∼ 10−9 ÷ 10−8
keV ∼ 10−6 < 10−10 ∼ 10−8 ∼ 10−10
eV ∼ 10−9 < 10−10 ∼ 10−10 ÷ 10−9 ∼ 10−12 ÷ 10−11
FIG. 5. Mass scales of the model.
IV. NEUTRINO MASSES AND MIXING
It is observed from (40), (43) and (54) that if
yνS = y
ν
S′ = y
ν
S′′ , yTa, yTb  yνS , M55 = M66, (55)
the neutrino mass matrix having the form
Mν0 = 1
Λ
 3(M44 +M66)(yνS)2 −3M66(yνS)2 −3M66(yνS)2−3M66(yνS)2 −3M66(yνS)2 3(M44 +M66)(yνS)2
−3M66(yνS)2 3(M44 +M66)(yνS)2 −3M66(yνS)2
 , (56)
where
Λ = (M44 −M66)(M44 + 2M66), (57)
can be diagonalized
diag(Mν0) = (U ′tbm)TMν0U ′tbm, (58)
by the matrix
U ′tbm =

√
2
3
√
1
3 0
−
√
1
6
√
1
3 −
√
1
2
−
√
1
6
√
1
3
√
1
2
 . (59)
That means, the model with the condition (55) is a TBM
model. Here, the matrix U ′tbm can be converted to a more
convenient form
Utbm =

√
2
3
√
1
3 0
−
√
1
6
√
1
3
√
1
2√
1
6 −
√
1
3
√
1
2
 , (60)
However, as said above (and also in [46, 62]), the experi-
mental PNMS mixing matrix has a small deviation from
a TBM form, therefore, the former can be presented as a
perturbation around the latter. It follows from the fact
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that the difference, say ∆U , between the experimental
PNMS mixing matrix [14] and the TBM one is just a
small correction to the latter (upto a phase factor):
∆U =
 0.006 −0.029 0.153e−iδ−0.008− 0.084eiδ 0.047 − 0.056eiδ −0.054
−0.041− 0.095eiδ 0.027 − 0.064eiδ 0.034
 .
(61)
Therefore, the (actual) neutrino mass matrix diago-
nalisable by the (experimental) PMNS mixing matrix,
can be developed pertubatively around the TBM one
[46, 62, 63]. As the present model under the condition
(55) becomes a TBM model, a realistic model can be
obtained by imposing a condition slightly differing from
(55). In other words, to obtain a realistic model we could
replace (55) by another condition which at the first order
of approximation reads
yν
S′ = y
ν
S + 1, y
ν
S′′ = y
ν
S + 2, M55 = M66 + σ,
(62)
with i, i = 1, 2, and σ are small number (i.e., |i|, |σ| 
1). From here we can develope perturbation of the Dirac
and the Majorana mass matrix MD and MR around their
TBM limit MD0 and MR0 respectively,
MD = MD0 + ∆D (63)
and
M−1R = M
−1
R0
+ ∆R, (64)
where ∆D and ∆R are small corrections to MD0 and
M−1R0 , respectively. Now the neutrino mass matrix has
the following (perturbative) form
Mν = (MD0 + ∆D)T (M−1R0 + ∆R)(MD0 + ∆D) (65)
which can be re-written as
Mν =Mν0 +W, (66)
where
Mν0 = MTD0M−1R0MD0 , (67)
is the TBM mass matrix (56) and W is a deviation from
the latter
W = 1
Λ′
 e1 e2 e∗2e2 e4 e3
e∗2 e3 e
∗
4
 , (68)
with
Λ
′
=
2(M44 −M66) [(M44 −M66)(M44 + 2M66)− 3σM66]
yνS
(69)
and
e1 =− 4(1 + 2)(M44 −M66) [M66(2M66 + σ)− (M44 +M66)(M44 − σ)]
(M44 + 2M66)
+
6yνS(M44 −M66)2
(M44 + 2M66)
,
e2 = (1 + 2)(M66 −M44)(M66 + 2M44) + 3
√
3i(1 − 2)M66(M44 −M66)
+ 2σ(1 − 22)(ωM44 −M66)− 2
√
3iσ(21 − 2)M66,
e3 =− 2(1 + 2)(M44 −M66)(M44 + 2M66) + 2σ(1 − 22)M44 − 2σ(2 − 51)M66,
e4 = 2(M44 + 2M66) [2(1 + 2)(M44 −M66)− 3ωσyνS ]
+ 4σ(1 + 2)(2ωM66 − ω2M44 − 3M66). (70)
The TBM mixing matrix can be expressed in terms of
eigen-vectors |n0〉, n = 1, 2, 3, ofMν0 and alsoM†ν0Mν0
as follows
UTBM =
(|10〉, |20〉, |30〉) . (71)
The eigen-vectors |n〉 of the matrix M†νMν perturba-
tively developed around |n0〉 have the form (taken upto
the first perturbation order)
|n〉 = |n0〉+
∑
k 6=n
λnk|k0〉+ ..., (72)
where
λnk =(|m0n|2 − |m0k|2)−1Vnk, (73)
Vnk =〈n0|M†ν0W +W†Mν0|k0〉, (74)
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and |m0i |2, i = 1, 2, 3, are eigenvalues of M†ν0Mν0.
Now we can diagonalize the neutrino mass matrix
square M†νMν ,
U˜†M†νMνU˜ = diag (|m1|2, |m2|2, |m3|2), (75)
by the matrix
U˜ =

√
2
3 +
√
1
3x
∗
√
1
3 −
√
2
3x −
√
2
3y −
√
1
3z
−
√
1
6 +
√
1
3x
∗ +
√
1
2y
∗
√
1
3 +
√
1
6x+
√
1
2z
∗
√
1
2 +
√
1
6y −
√
1
3z√
1
6 −
√
1
3x
∗ +
√
1
2y
∗ −
√
1
3 −
√
1
6x+
√
1
2z
∗
√
1
2 −
√
1
6y +
√
1
3z
 , (76)
with
x = λ12, y = λ13, z = λ23. (77)
Any matrix U ′, related to U˜ by the relation U ′ = U˜×P ′,
where P ′ = diag
(
eiα
′
1/2, eiα
′
2/2, eiα
′
3/2
)
, with arbitrary
α′1, α
′
2, α
′
3, is also able to diagonalizeM†νMν . Therefore,
a PMNS matrix UPMNS can be defined upto a phase
matrix P ′,
UPMNS = U˜ × P ′, (78)
Writing P ′ as P ′ =
eiα
′
3/2diag
(
ei(α
′
1−α′3)/2, ei(α
′
2−α3)/2, 1
)
≡
eiα
′
3/2diag
(
eiα
′
21/2, eiα
′
31/2, 1
)
, we see that the phase
α′3 can be removed by redefining the overall field phase
as done in the case of P . Thus, one can write P ′ in a
form similar to that of P in (2):
P ′ = diag
(
eiα
′
21/2, eiα
′
31/2, 1
)
. (79)
It is important to mention that x, y and z, in general,
are complex numbers, so do the matrix elements of
U˜ , therefore, not only the mixing angles but also the
Majorana phases can get a small correction from U˜ .
The latter, through complex x, y and z, has six degrees
of freedom (DOF’s). Four of them parametrize the
three mixing angles and the CPV phase. The other two
DOF’s, namely, two phases, can be used to synchronize
the phases of P ′ with those of P . Therefore, two of x, y
and z (or two of their independent linear combinations)
can be taken to be real. Comparing (3) with (76), we
see that it is reasonable to choose a real x.
Using the trivial properties of the PMNS matrix given in
(3), tan2 θ12 = |U12|2/|U11|2, sin θ13 = |U13|, tan2 θ23 =
|U23|2/|U33|2, applied to (76), we obtain at the first per-
turbation order the following relations:
tan2 θ12 ≈ 1− 2
√
2Re(x)
2 + 2
√
2Re(x)
, (80)
sin θ13 =
∣∣∣∣∣
√
2
3
y +
√
1
3
z
∣∣∣∣∣ , (81)
tan2 θ23 ≈
1 + 2
√
2Re
(√
1
6y −
√
1
3z
)
1− 2√2Re
(√
1
6y −
√
1
3z
) . (82)
Further, from Eqs. (1) and (78), it is easy to get(√
2
3 +
√
1
3x
∗
)
eiα
′
21/2 = c12c13e
iα21/2,(√
1
3 −
√
2
3x
)
eiα
′
31/2 = s12c13e
iα31/2,(
−
√
2
3y −
√
1
3z
)
= s13e
−iδ.
(83)
In general, as x is complex, α′21 6= α21 and α′31 6= α31,
but in the case of a real x we have (at the first order of
perturbation) α′21 = α21 and α
′
31 = α31.
Below, to check how our model works we will con-
sider the case of a real parameter x, that is P ′ =
(eiα21/2, eiα31/2, 1) = P , as argued above. Now, the
PMNS matrix (78) gets the form
UPMNS =

√
2
3 +
√
1
3x
√
1
3 −
√
2
3x −
√
2
3y −
√
1
3z
−
√
1
6 +
√
1
3x+
√
1
2y
∗
√
1
3 +
√
1
6x+
√
1
2z
∗
√
1
2 +
√
1
6y −
√
1
3z√
1
6 −
√
1
3x+
√
1
2y
∗ −
√
1
3 −
√
1
6x+
√
1
2z
∗
√
1
2 −
√
1
6y +
√
1
3z
× P. (84)
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Deriving x, y and z by matching the matrix elements
(UPMNS)11, (UPMNS)13 and (UPMNS)23 in Eq. (84)
with the corresponding elements of the experimentally
measured PMNS matrix at the current best fit value of
neutrino oscillation data [14–16], then, inserting them
back in Eq. (84), we obtain the PMNS matrix given by
the model
UmodelPMNS =
 0.8221 0.5695 0.1530 e−iδ−0.4337− 0.0883 eiδ 0.6252− 0.0624 eiδ 0.6533
0.3716− 0.0883 eiδ −0.5373− 0.0624 eiδ 0.7609
× P. (85)
In the following, to check the present model we are going
to analyze and discuss in the model scenario several
physics quantities, which can be verified experimentally,
such as the neutrinoless double beta decay effective mass
|〈mee〉|, CPV phase δCP ≡ δ and Jarlskog parameter
JCP , using the PMNS matrix (76) matched with the
current neutrino oscillation data [14–16].
Neutrinoless double beta decay (0νββ) is a process
of emitting two electrons from relevant nuclei without
producing any (anti)neutrino, thus violating the lepton
number by 2 units [64–71]. The (0νββ) decay together
with the radiative emission of neutrino pair (RENP) from
atom [72–74] are the only two, so far, proposed processes,
used for construction of experiments for determination of
the nature of neutrinos (if they are of Dirac- or Majorana
type). With its importance in understanding neutrino
properties, the phenomenon of the (0νββ) decay has at-
tracted interest of and has been studied by a large num-
ber of physicists in both theoretical and experimental
aspects. Presently, the most sensitive experiments give
an upper bound on the (0νββ) decay effective mass to be
about |〈mee〉| < 0.2 − 0.6 eV (Heidelberg-Moscow [75]),
or 0.3 − 0.71 eV (COURICINO [76]), or 0.14 − 0.38 eV
(EXO-200 [77]), while the next generation of the experi-
ments [78, 79] may obtain a signal of the decay if |〈mee〉|
is not smaller than (2− 5)× 10−2 eV. In the scenario of
the present model, the (0νββ) decay effective mass has
the form 3
|〈mee〉| =
∣∣m1U2e1 +m2U2e2eiα21 +m3U2e3eiα31∣∣ . (86)
The dependence of |〈mee〉| on the PMNS mixing matrix
and the lightest active neutrino mass m0 is depicted in
Fig. 6.
FIG. 6. The (0νββ) effective mass |〈mee〉| as a function of the lightest neutrino mass. Left panel : Plot obtained by using (84)
with neutrino mixing angles taken arbitrary in 3σ ranges, while the phases δ, α21 and α31 varying in [0, 2pi]. Right panel : Plot
taken from [14].
3 See [80] for a detailed analysis on 〈mee〉 but here the smallness of the mixing matrix elements Uek and large values of masses
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To measure the Dirac CPV phase δ is a challenge but
with the nonzero value of θ13 obtained by recent experi-
ments, the measurement of δ becomes more realistic. The
simplest and direct strategy, which has been arranged ex-
perimentally, is to determine the difference between the
probabilities of a neutrino transition and an anti-neutrino
transition [81, 82],
A
(α,β)
CP =P (να → νβ)− P (α¯α → ν¯β)
=− 16Jαβ sin ∆12 sin ∆23 sin ∆31, (87)
where ∆ij ≡ ∆m2ijL/4E, and Jαβ is the Jarlskog invari-
ant quantity [83],
Jαβ = JCP = Im{U∗α1U∗β2Uα1Uβ2} = JmaxCP sin δ. (88)
Using the canonical parametrization of the PMNS matrix
expressed in Eq. (3), it is not difficult to obtain
JmaxCP = cos θ12 sin θ12 cos θ23 sin θ23 cos
2 θ13 sin θ13. (89)
For the value of θ13 obtained by recent experiments,
JmaxCP takes value in the interval [0.032 − 0.042] with
neutrino oscillation angles varying in 3σ allowed ranges
(learn more in Fig. 7). We see that the most pos-
sible values of δ are located around pi/2 (=90◦) and
3pi/2 (=270◦), where |JCP | would take a value, which
in fact is the maximal value JmaxCP , between 0.032−0.042.
FIG. 7. JCP as a function of θ13 (left panel) and δCP (right panel) with neutrino mixing angles taken in 3σ allowed ranges,
and the CPV phase varying in [0, 2pi].
When x is real, it is easy to see from Eqs. (80)–(82), the
value of the mixing angle θ12 depends only on x, while
the other two mixing angles θ13 and θ23 as well as the
Dirac CPV phase δ are determined by y and z via, for
example, the equations
sin θ13e
−iδ =−
√
2
3
y −
√
1
3
z, (90)
tan2 θ23 =
1 + 2
√
2Re
(√
1
6y −
√
1
3z
)
1− 2√2Re
(√
1
6y −
√
1
3z
) . (91)
Since y and z are complex numbers, they contain four
parameters. One of these parameters can be used to
mk, for k ≥ 4, are taken into account.
synchronize a Majorana phase (as mentioned above),
two are used to fix the mixing angles θ13 and θ23, and
the remaining one is used for the Dirac CPV phase
δ. Therefore, δ can theoretically take any value in the
range of [0, 2pi].
Let us consider some specific values of parameters x,
y, for example y = 0 or z = 0. In case y = 0 and z
arbitrary (or z = 0 and y arbitrary), we have only two
free parameters to fix 3 measurements θ13, θ23 and δ,
thus δ can be expressed in term of θ13, θ23. For y = 0,
we have
−
√
1
3
z = sin θ13e
−iδ, (92)
tan2 θ23 =
1 + 2
√
2Re
(
−
√
1
3z
)
1− 2√2Re
(
−
√
1
3z
) . (93)
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Eliminating z in Eqs. (92), we obtain the constraint
sin θ13 cos δ =
1
2
√
2
tan2 θ23 − 1
tan2 θ23 + 1
. (94)
We can find δ from (94) for a given set of the mixing
angles (see their experimental data in Tab. I). If a value
δ0 is a solution of (94) so is 2pi − δ0, therefore, it is
enough to discuss one of them. This constraint gives,
for example, at the best fit value (BFV) of the mixing
angles θ13 and θ23 in an NO (and similarly for an IO),
cos δ = −0.291, corresponding to the value δ ≈ 4.414
(and also δ ≈ 1.866). In general, this value of δ is not its
mean value (BFV) but can give a rough estimation of
the latter.
Based on the constraint (94), the distributions of δ for
a normal ordering (NO) and an inverse ordering (IO), are
depicted in Fig. 8, followed by Fig. 9, where δ as function
of θ13 is plotted also for both cases. For each of these
distributions generated by 10000 events, the Dirac CPV
phase δ, and, thus, the Jarlskog parameter JCP (plotted
in Figs. 10 and 11), is numerically calculated event by
event with an input (sij) taken randomly on the base of a
Gaussian distribution characterized by an experimental
mean value (best fit value) and sigmas given in Tab. I.
These distributions δ have a mean values δ¯NO = 4.417 ≈
1.41pi (for an NO) and δ¯IO = 4.616 ≈ 1.47pi (for an IO)
which are close to the global fits at δ = δNO ≡ 1.39pi and
at δ = δIO ≡ 1.31pi, respectively [14–16].
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FIG. 9. δCP as a function of θ13 in an NO and an IO, where the 1σ, 2σ and 3σ regions are colored in red, green and blue,
respectively.
Using (88) and (89), the distributions of JCP corre- sponding to those of δ in two cases of hierarchy are de-
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picted in Figs. 10 and 11. Because of the symmetry of
JCP only its positive part is plotted in Fig. 10. The val-
ues of JCP obtained around 0.032 (for an NO) and 0.034
(for an IO) are quite consistent with the ones given in
[14].
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FIG. 11. JCP as a function of θ13 in an NO and an IO.
To summarise, we note that the best fit values of δ and
JCP obtained here are very close (in general, at the 1σ
region) to the global fit given in [14–16].
V. CONCLUSIONS
We stress again that neutrino masses and mixing
are an experimental fact. Neutrinos are massive but
their masses are very tiny. Therefore, an actual problem
is to find a way to explain the smallness of the neutrino
masses and the see-saw mechanism is one of the most
popular ways serving this purpose. So far many models
of neutrino masses and mixing including those with the
flavour symmetry have been proposed. In particular,
the models based on the discrete group A4 has attracted
much interest and has been investigated quite intensively
for the last several years. A natural question arising
is whether and how the see-saw mechanism can be
extended to the case of a flavour symmetric SM. The
see-saw mechanism has been applied by other authors to
separate sub-processes (classified by an A4 symmetry),
but, to our knowledge, no universal and systematic
formulation of the see-saw mechanism has been made
for an A4-flavour symmetric SM yet. In the present
paper such a formulation with an accent on a type-I
see-saw model has been made. So, an ordinary see-saw
process is treated as an effective process suming up
all possible sub-processes corresponding to irreducible
representations of the A4 group.
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The scalar sector of the latter model contains an
A4-triplet Φh of iso-doublet scalars and three A4-singlet
iso-singlet scalars ΦS , Φ
′
S and Φ
′′
S . In our scheme, these
A4-singlets when acquiring a VEV, violate the extended
symmetry down to the SM one, the A4-triplet would
play the role of the SM Higgs. The real parts of the
three neutral components of Φh are super-positions of
three mass-eigen states, one of which could be the SM
Higgs. A detailed analysis on the scalar sector is a
subject of a separate work.
The lepton sector of the above-mentioned model
consists of the SM-like leptons transforming now under
also the group A4 as its three- or one-dimensional repre-
sentations, and four new iso-singlet fields transforming
as an A4-triplet and three A4-singlets 1, 1
′ and 1′′.
These newly introduced iso-singlet fields, referred to as
right-handed neutrinos, are necessary for the neutrino
mass generation via the type-I see-saw mechanism.
Applying a perturbation method to this model we
obtain a neutrino mass and mixing structure from where
several important quantities, such as neutrinoless double
beta decay effective mass |〈mee〉|, CP violation phase
δCP and Jarlskog parameter JCP are predicted. The
predicted values of these quantities within the present
model fit quite well to the current experimental data
[14]. After finishing this work we have learned that our
results are consistent to the results announced recently
by the T2K collaboration [84], in particular, the values
of δCP obtained by us, in both the NO and the IO, are
very close to those announced by the T2K.
For conclusion, it is shown once again in this paper
the usefulness of the see-saw mechanism applied to
A4 flavour symmetric standard models predicting new
particles, interesting relations and values of some physics
quantities which can be tested experimentally. Com-
pared with our previous work [46], the advantage of the
present approach is that no introduction of an additional
symmetry Z3 × Z4 is needed. An illustration has been
done within a type-I (see-saw) model, but it can be also
done with other-type models, or with all-type models.
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Appendix A: Representations of A4 in brief
Being a group of all even permutations of four
objects, A4 has 12 elements, which can be divided
into 4 conjugate classes, thus is also an order 4 group
[28, 29, 34]. Geometrically, it is also called the tetrahe-
dral group describing the orientation-preserving symme-
try of a regular tetrahedron. The elements of A4 can be
generated by two basic generators S and T satisfying the
relations
S2 = T 3 = (ST )3 = 1. (A1)
This group has four unitary representations, including
three one-dimensional representations 1, 1′, 1′′ and one
three-dimensional representation generated via S and T
as follows:
1 : S = 1, T = 1, (A2a)
1
′
: S = 1, T = ei2pi/3 ≡ ω, (A2b)
1
′′
: S = 1, T = ei4pi/3 ≡ ω2, (A2c)
3 : S =
 1 0 00 −1 0
0 0 −1
 , T =
 0 1 00 0 1
1 0 0
 . (A2d)
Usually, applications of representations of a group require
us to know the decomposition rule of a tensor product
between irreducible representations into irreducible rep-
resentations. This rule in the case of A4 reads
1× 1 = 1, (A3a)
1
′ × 1′′ = 1, (A3b)
1
′′ × 1′ = 1, (A3c)
1
′ × 1′ = 1′′ , (A3d)
1
′′ × 1′′ = 1′ , (A3e)
3× 3 = 1 + 1′ + 1′′ + 3a + 3s. (A3f)
The first five rules are trivial but the last one needs
more explanation. For two triplets 3A ∼ (a1, a2, a3) and
3B ∼ (b1, b2, b3), the irreducible components of their ten-
sor product 3A × 3B according to (A3f) are
1 = a1b1 + a2b2 + a3b3, (A4a)
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1
′
= a1b1 + ω
2a2b2 + ωa3b3, (A4b)
1
′′
= a1b1 + ωa2b2 + ω
2a3b3, (A4c)
3a ∼ (a2b3, a3b1, a1b2), (A4d)
3s ∼ (a3b2, a1b3, a2b1). (A4e)
The information of the A4 representations given above
is important for construction of a Lagrangian of a model
adopting an A4 flavour symmetry. Basing on the struc-
ture of tensor products of representations of A4 we
can build different see-saw models corresponding to this
flavour symmetry.
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